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Abstract
The recently developed Le´vy imaging method enables to extract an important physics informa-
tion on hadron structure at high energies and ultra-low momentum transfers directly from elastic
scattering data. In this work, we employ such a model-independent method to probe the internal
structure of the proton and quantify its inelasticity profile in the impact parameter space emerging
in proton-proton collisions at the highest available energy of
√
s = 13 TeV. The inelasticity profile
function and its error band for the proton and its substructure have been reconstructed at different
energies and the proton hollowness (or “black-ring”) effect with beyond 5σ significance has been
found at 13 TeV.
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The Le´vy stable distributions typically emerge in a description of dynamical systems’
behaviour for which generalized central limit theorems apply, namely, as long as the result-
ing distribution for such a behavior is represented as a convolution of random elementary
processes [1, 2]. Indeed, such distributions are very common in Nature and are often applied
for probabilistic description of various correlated systems, anomalous diffusion, stochastic
processes etc and not only in physics but also in other sciences [1]. In particle physics, a
positively-definite modulus squared of a Fourier-transformed source distribution often ex-
hibits an approximate Le´vy stable shape emerging, in particular, in studies of two-particle
Bose-Einstein correlation functions in high energy particle and heavy-ion physics [3–8] and,
more recently, in analysis of differential elastic scattering cross-sections at low momentum
transfers [9].
One of the most important and critical tests of Quantum Chromo Dynamics (QCD) in
the infrared regime is provided by the ongoing studies of elastic differential hadron-hadron
scattering cross section at various energies and momentum transfers. The characteristics of
the elastic amplitude, its both real and imaginary parts, carry a plenty of information about
the inner proton structure, the proton profile in the impact parameter space and its energy
dependence, as well as about the properties of QCD exchange interaction at low momentum
transfers. In this work, we apply the recently developed model-independent Le´vy imaging
technique [9] for precision characterisation and extraction of relevant physics information
about the proton structure and hence non-perturbative QCD directly from the available
data on elastic cross sections at various energies. The results of our approach efficiently
complement and provide an important guideline for the existing ongoing model-dependent
efforts.
The first and most precise measurements of the total, elastic and differential cross sec-
tions of elastic pp collisions has recently been performed by the TOTEM Collaboration at
the Large Hadron Collider (LHC) at CERN at the highest energy frontier of
√
s = 13 TeV
(for recent TOTEM publications, see Refs. [10–14]). The large range in momentum transfer
squared and very high precision of this set of data becomes a big challenge for a statistically
acceptable description that is necessary for a reliable extraction of any physics information
from such data with an appropriate statistical significance. A correct theoretical interpre-
tation of the LHC data, together with the lower-energy Tevatron and ISR data, is a subject
of intense debates and ongoing research development, see e.g. Refs. [15–20] while a proper
extraction of model-independent “data-driven” characteristics of the proton as it appears in
a high-energy scattering is still lacking.
The Le´vy technique for proton imaging at the femtometer scale provides not only the im-
pact parameter dependent inelasticity profile of the proton at various energies, but also the
inelasticity profile of its internal substructure. In this work, such profiles and their energy
dependence are reconstructed from the top LHC collision energy down to the lowest ISR
energy, together with their error bars, for the first time. At
√
s = 13 TeV, we find a statis-
tically significant evidence for a hollowness (or “black-ring”) effect that may fundamentally
change the standard picture of pp collisions at asymptotically large energies.
The TOTEM Collaboration has established [13, 21] that at low values of the four-
momentum transfer squared t = (p1 − p3)2 the differential elastic cross-section for pp colli-
sions differs from a conventionally assumed naive exponential form, dσ/dt = A exp(−B|t|),
– a subtle but significant deviation. A minimal way to parametrize such a deviation is to
introduce a single parameter α into the exponent as dσ/dt = A exp [−(R2|t|)α], to the lead-
ing order. This is the so-called stretched exponential distribution. It corresponds to the
2
Fourier-transform of a symmetric Le´vy-stable source distribution [1]. This approximation
with α = 0.9 gives a statistically acceptable description of pp elastic scattering at low-t at√
s = 23.5 GeV to 62.5 GeV, while at the LHC energies higher order Le´vy expansion terms
become relevant for description of the low-t behaviour [9]. At larger |t|, deviation of the data
from the Le´vy stable source distribution becomes even more pronounced in a vicinity of the
dip-and-bump structure before turning back to a simple stretched exponential behaviour
again (but with a different value of R) at large |t| beyond the secondary maximum.
In momentum representation, the elastic differential cross-section
dσ
dt
=
1
4pi
|Tel(∆)|2 , ∆ =
√
|t| . (0.1)
is related to the modulus of the elastic amplitude Tel(∆). To quantify the deviations of
this observable from a symmetric Le´vy source distribution, we utilize an orthonormal series
expansion for the complex-valued elastic scattering amplitude Tel(∆) in terms of the Le´vy
polynomials [9] as follows:
Tel(∆) = i
√
4piA e−z
α/2
(
c0 +
∞∑
i=1
cili(z|α)
)
z=∆2R2
(0.2)
where R is the Le´vy scale parameter, ci = ai + ibi are the complex expansion coefficients,
and lj(z|α) corresponds to the normalized Le´vy polynomial of order j. For simplicity, we
start this expansion with c0 = a0 + ib0 = 1 as a possible value of a0 gets absorbed to the
constant normalization A while a vanishing value of b0 consistent with zero was found in
data fits at all considered energies.
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FIG. 1: (Color online) Eq. (0.1) fitted to the recent LHC TOTEM dσ/dt data at
√
s = 13 TeV.
The normalized Le´vy polynomials lj(z|α) in Eq. (0.2) are given
lj(z |α) = D−
1
2
j D
− 1
2
j+1Lj(z |α) , for j ≥ 0 . (0.3)
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Uncertainties in the shadow profile for proton substructure
FIG. 2: (Color online) The inelasticity profile P (b) of proton substructure at various
√
s (with error
bars). Here, only the secondary diffractive cone beyond the dip-and-bump structure is concerned.
in terms of the the unnormalized Le´vy polynomials Li(z |α) (with L0(z |α) = 1) [7]
L1(z |α) = det
(
µα0 µ
α
1
1 z
)
, (0.4)
L2(z |α) = det
 µα0 µα1 µα2µα1 µα2 µα3
1 z z2
 , ... etc. (0.5)
and the Gram-determinants Dj ≡ Dj(α) (D0(α) ≡ 1)
D1(α) = µ
α
0 , D2(α) = det
(
µα0 µ
α
1
µα1 µ
α
2
)
, ... etc . (0.6)
µαn =
∫ ∞
0
dz zne−z
α
=
1
α
Γ
(
n+ 1
α
)
. (0.7)
Here, Γ(x) =
∫∞
0
dz zx−1e−z stands for Euler’s gamma function. The total and elastic
cross-sections are then represented as follows
σtot ≡ 2 ImTel(0) = 2
√
4piA
(
1 +
∞∑
i=1
aili(0|α)
)
, (0.8)
σel ≡
∫ ∞
0
d|t|dσ
dt
=
A
R2
[
1
α
Γ
(
1
α
)
+
∞∑
i=1
(a2i + b
2
i )
]
. (0.9)
The momentum transfer squared distribution of elastic scattering provides images of the
scattered particles in impact parameter or b space. For elastic pp collisions,
tel(b) =
1
2pi
∫
J0(∆ b)Tel(∆) ∆ d∆ = i
[
1− e−Ω(b)] ,
P (b) = 1− ∣∣e−Ω(b)∣∣2 , (0.10)
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FIG. 3: (Color online) The inelasticity profile P (b) of the proton and its substructure at various
collision energies, including the error bars.
√
s (GeV) 23.5 30.7 44.7 52.8 62.5
A (mb GeV2) 0.003 ± 0.001 0.006 ± 0.001 0.004 ± 0.001 0.005 ± ± 0.001 0.004 ± 0.001
R (fm) 0.30 ± 0.01 0.32 ± 0.01 0.31 ± 0.01 0.32 ± 0.01 0.31 ± 0.01
χ2/NDF 22.7 / 21 16.3 / 21 19 / 21 13.9 / 21 12.2 / 21
CL [%] 36 75 59 87 94
σsubtot (mb) 0.24 ± 0.03 0.35 ± 0.03 0.28 ± 0.02 0.32 ± 0.01 0.30 ± 0.03
σsubel (µb) 1.3 ± 0.3 2.4 ± 0.4 1.7 ± 0.2 2.1 ± 0.2 1.9 ± 0.3
TABLE I: Parameters of the Le´vy stable source distribution, dσ/dt = A exp
[− (|t|R2)α], charac-
terising the proton substructure at large |t| (1.5 ≤ −t ≤ 3 GeV2) corresponding to the secondary
diffractive cone beyond the dip-and-bump structure, and at various ISR collision energies, for
α = 0.9.
where ∆ ≡ |∆|, b ≡ |b| , tel(b) is the impact parameter dependent elastic amplitude repre-
sented in an eikonal form in terms of the complex opacity (eikonal) function Ω(b), J0(x) is
the zeroth-order Bessel function of the first kind, and P (b) is the inelasticity (or shadow)
profile function describing the proton image. The fundamental results of multiple diffrac-
tion theory [22], together with the Le´vy expansion of the elastic scattering amplitude Tel(∆)
(0.2), make it possible to perform a high precision optical imaging of elastic pp scattering
and to obtain images of the protons and its internal structures at the femtometer length
scale.
The power of the Le´vy imaging technique is demonstrated in Fig. 1 where it is employed
to describe the precision TOTEM data on elastic pp scattering at the highest accessible
energy
√
s = 13 TeV [13] with confidence level CL = 2 %. Given such an unprecedented
precision of these data spanning ten orders of magnitude, the Le´vy expansion thus represents
them in a statistically acceptable manner which still remains a big challenge for alternative
model dependent approaches.
As usual, we notice a nearly exponential diffractive cone at low |t| that is followed by
a dip, then by a subsequent maximum and a secondary diffractive cone at large t. The
maximal t value accessed by the measurement −tmax ≈ 4 GeV2 provides an estimate for
5
√
s (TeV) 7 13
A (mb GeV2) 1.4 ± 0.4 4.0 ± 0.3
R (fm) 0.49 ± 0.01 0.51 ± 0.01
χ2/NDF 4.9 / 10 16.9 / 8
CL [%] 90 3
σsubtot (mb) 5.2 ± 0.7 8.9 ± 0.30
σsubel (mb) 0.24 ± 0.06 0.63 ± 0.04
TABLE II: The same as in Table I but at LHC energies.
a minimal spatial resolution of ~/
√−tmax ≈ 0.1 fm. Remarkably, such a high resolution
achieved at LHC energies enables to resolve smaller structures inside the colliding protons.
Likewise, the Le´vy imaging technique is also useful to characterise the results of the earlier
measurements of elastic pp and pp¯ scattering including those at ISR and Tevatron energies
and hence to probe the proton structure in the full range of
√
s from 23.5 GeV up to 13
TeV. Full |t| range fits are used to obtain the shadow profiles P (b) while fits in the large |t|
regions are used to get the shadow profiles for the substructure inside the protons. These
fits are detailed in Appendix A as well as Appendix C of Ref. [9]. In this Letter, we present
the error-bands around the reconstructed shadow profile functions and, hence, evaluate the
significance of these results for the first time, as indicated on Figs. 2 and 3, with the fit
results summarized in Tables I and II.
The proton substructure found at the energies of ISR appears to be rather faint, with
P (b = 0) being about 0.05 that weakly depends on energy. However, at TeV energy scale
(7 and 13 TeV) one observes a much larger and significantly darker substructure, again not
strongly evolving from 7 TeV to 13 TeV as demonstrated in Fig. 2. The parameters of the
Le´vy stable source distribution, dσ/dt = A exp
[ − (|t|R2)α], characterising the secondary
diffractive cone at large |t|, and hence describing the corresponding substructure, are given
with their error bars in Tables I and II at ISR and LHC energies, respectively. Besides,
we provide the contributions of the scattering off such a substructure to the total and
elastic cross-sections, σsubtot and σ
sub
el , found from Eqs. (0.8) and (0.9) with (ai, bi) = (0, 0),
respectively. A comparison of the inelasticity profiles of the proton and its substructure at
different
√
s = 13 TeV, 7 TeV and 62 GeV is illustrated in Fig. 3 together with error-bands.
The inelasticity (or shadow) profile function P (b) of the protons undergoes a qualitative
change at around
√
s ≈ 7 TeV collision energy. At small values of the impact parameter b
a P (b) ≈ 1 plateaux develops, which becomes depressed at larger energies, and a shallow
minimum is formed near b = 0. Such a dip or hollowness may correspond to σel ≥ σtot/4/
(
1+
ρ20
)
[23]. The existence of such a hollow in high energy pp scattering is a hotly debated,
current topic in the literature. We recommend Refs. [24–28] for early papers as well as
Refs. [29–35] and Ref. [23] for more recent theoretical discussions as well as an experimental
outlook on this fundamental nature of pp scattering at LHC and asymptotic energies. The
maximal value of P (s, b = 0) ≈ 1/(1 + ρ20) = 1−H at σel(s) ≈ σtot(s)/4/(1 + ρ2) seems to
be rather independent of the detailed b-dependent shape of the inelastic collisions, see for
example Refs. [23, 34].
At high enough energies, hollowness may thus become a generic property of the shadow
profile functions, that characterizes the impact parameter distribution of inelastic scatter-
ings. This effect contradicts the asymptotic black disc behaviour generally expected by the
6
H = 0.0085 ± 0.0008
h = 0.0058 ± 0.0010
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FIG. 4: (Color online) The inelasticity (or shadow) profile function extracted from the TOTEM
13 TeV data using the Le´vy expansion method, together with the associated error bar, zoomed in
around the peak value.
community [36] and thus it deals with a fundamental property of protons at asymptotically
high energies.
We have carefully studied the small-b region of profile functions for all existing data sets
and found that such a hollow indeed appears in the proton, but only at currently highest
LHC energy of 13 TeV. Fig. 4 zooms in the P (b) inelastic scattering profile at 13 TeV
in a vicinity of its peak value indicating the presence of such a hollow. This hollowness
effect is a small but significant, much more than a 5σ effect, characterized by a hollowness
strength parameter of h = 0.0058 ± 0.0010. The value of the depression at b = 0 is even
more significant, it is characterized by H = 1 − P (b = 0) = 0.0085 ± 0.0008 as illustrated
on Fig. 4. Our findings presented above are driven by the most recent and precise data
from the LHC and by the power of the Le´vy imaging technique. These results may have
a profound impact on our theoretical understanding of the proton structure. Apparently,
we found the first, statistically significant result, that suggests that at energies of
√
s = 13
TeV, the protons start to interact like black rings rather than conventionally assumed black
discs.
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